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Ab initio SCF electric dipole moment functions of the electronic ground states of ammonia and 
the oxonium ion are determined over a wide range of vibrational coordinates. The dipole moment 
functions are used within the framework of the nonrigid invertor Hamiltonian to evaluate transi
tion moments for various types of vibrational bands. Reasonable agreement with experimental 
data for ammonia is achieved by scaling the dipole moment function. Several new tral,sition 
moments for combination and hot bands are predicted. 

During the last few years several ab initio calculations of dipole moment properties 
of quasiplanar XY 3 molecules, namely ammonia and the oxonium ion, have been 
reported l - 7 . These calculations were mainly concerned with the determination of 
dipole moment derivatives in the vicinity of the equilibrium configuration, from 
which the integrated intensities of fundamental vibrational bands were determined 
using the standard theory of molecular vibrations8 . In these molecules the large 
amplitude inversion vibration is characterized by a strong anharmonicity of both 
the potential and the dipole moment functions. There are therefore many interesting 
features in their spectra which cannot be theoretically treated within the framework 
of standard theory. For a general description of their spectroscopic behavior it is 
necessary to use a model taking into account nonrigidity. ]n particular this has been 
done for the flz component of the dipole moment of NH3 and H30+ (refs6,7). This 
component determines transition moments between nondegenerate vibrational 
states. Tn these two studies the dipole moment was determined over a wide range of 
vibrational coordinates and the transition moments were calculated using a two
-dimensional Hamiltonian for the two nondegenerate vibrational modes. This 
model neglected the coupling of the large amplitude inversion vibration with the 
two remaining degenerate vibrations. This coupling, however, is of significant 
importance 9 • The purpose of the present work is to investigate the full dipole moment 
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function of ammonia and the oxonium ion by ab initio calculations. These dipole 
moment functions are then used to calculate vibrational transition moments using 
the anharmonic nonrigid invertor Hamiltonian 1 0 along with a newly developed 
model of the anharmonic dipole moment function of quasiplanar XY 3 moleculesll • 

These calculations provide various kinds of transition moments in the inversion 
vibrational mode, e.g. pure inversion, fundamental, higher overtone, and hot band 
transition moments. The nonrigid invertor approach also allows calculations of 
combination and hot band transition moments arising from mixing of the inversion 
vibration and the "small amplitude" vibrations. 

THEORETICAL 

The electric dipole moment of a molecule is generally a function of the vibrational 
coordinates. This dependence is usually expressed as a Taylor expansion of the 
molecule fixed Cartesian components of the dipole moment p. in the vibrational 
coordinates S i 

p.rz = p.~ + r.(op.rz/oSJe Si + 1/2 '2Jo2p.1l/0SiOSj)e SiSj + ... = 
j i,j 

For molecules with no large amplitude motion such an expansion converges rapidly. 
This means, for example, that in the interpretation of intensities of fundamental 
vibrational bands we can limit ourselves to linear terms only. This approximation 
is referred to as the electric harmonic approximation. 

If the molecule under study has a vibrational coordinate for which the higher 
order derivatives and/or the vibrational displacements are large, the series (1) need 
not converge rapidly. If the harmonic approximation of the moecular dipole moment 
and potential function is used in the interpretation of intensities of fundamental 
bands, the resulting dipole moment can fail to describe anomalous behaviour of 
transition moments in the large amplitude mode. It is therefore necessary to study 
the dipole moment surface of nonrigid molecules over a wide range of vibrational 
displacements in order to determine the higher order terms of the dipole moment 
expasion. In this work we follow the treatment of ref. 1 0 for mechanical anharmonicity 
in quasiplanar XY 3 molecules and use the same set of vibrational coordinates to 
expand the dipole moment functions. The reference configuration from which the 
vibrational displacements are measured is the planar configuration with three equal 
X-Y bonds (rp) and three equal Y-X-Y valence angles (ocp = 2rt/3). The fol
lowing set of curvilinear symmetry coordinates is used 
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Dipole Moment Functions 

Sz == S3a(E') = (2Arl - Arz - Ar3)!6 1 / 2 

S3 == S4a(E') = (2Acxl - Acxz - Acx3)!6 1/ 2 

S4 == S3b(E') = (Arz - Ar3)!2 1 / 2 

Ss == S4b(E') = (ACi z - ACi3)!2 1/ Z 

S6(A~) = h, 

where Ari , ACt; are defined as follows 

Ar; = ri4 - r p ' i = 1,2,3 

2177 

(2) 

(3) 

The out-of-plane coordinate h is the distance between the X atom and the plane of 
Y atoms (cf. Fig. 1). Respecting the relations between the expansion coefficients of 
the dipole moment12 we may write series (1) in the form given in Table I. This ex
pansion is used to fit the ab initio points on the dipole moment surface. As the sym
metry coordinates (2) are defined with respect to the molecule fixed coordinate system, 
the derivatives in Table I need not be generally isotopically invariant. This is a con
sequence of the mass dependence of the Eckart conditions. The asymmetric vibra
tional displacements (E symmetry) cause an isotopic mass dependent tilt of the 
molecule relative to the molecule fixed axes. This means that the f1.x and f1. y com
ponents of the dipole moment are always isotopically dependent. We have taken into 
account these rotational corrections using the procedure described in ref. 13. The 
effect of deuteration on the dipole moment derivatives is stronger than that of the 
isotopic substitution of the nitrogen and oxygen atoms. 

The A symmetry vibrations, on the other hand, are connected with a translation 
of the molecule relative to the Eckart axis system and make the dipole moment 
isotope dependent only in charged molecules. Thus, the f1.z component of the dipole 
moment function in ammonia is isotopically invariant within the framework of the 
electric harmonic approximation with respect to small amplitude vibrations. If we 
take into account higher order terms of its expansion, such as 2!!z, then the f1.z com
ponent also becomes isotopically dependent. 

In order to calculate the dipole moment matrix elements (transition moments) 
the dipole moment function (Table I) is expressed in terms of internal coordinates 
which correspond to normal coordinates for the small amplitude vibrations and the 
large amplitude coordinate (!. We refer to these coordinates as the HBJ (Hougen, 
Bunker, Johnsl4) coordinates. In the present paper transition moments based on 
ab initio SCF dipole moment function are presented, while the theory used for the 
calculations is described elsewhere 1 I. 

Collec!;on Czechoslovak Chem. Commun. (Vol. 53) (1988) 



2178 Pracna, Havlas: 

TABLE I 

Expansion of the dipole moment function <tl~ = ° Il~ f- 11/(1; + 2 Jl.(1;' 0( ~ x, y, z)U 

°/lx = OIly = 0 

l/lx = I[/l . .(S3., h2k) S3. + flx(S4" h2k) S4,,] h2k 
k 

2/lx = I[/l: (SI' S3., h2k) SIS3a + /l;(SI' S4,' h2k) S1S4a + /lx(S~., h2k) X 
k 

X (S~a - Sjb) + /lisL. h2k)(S~. - S~b) + /l;(S3., S4., h2k)(S3,S4. 

S3bS4b)] h2k 

I fly = I[/l.iS3., h2k) S3b + flx(S4a' h2k) S4b] h2k 
k 

2 fly I[fl;(SI, S3.' h2k) SlS3b + /l:(SI' S4., h2k) SIS4b + /lx(SL, h2k) S3.S3b + 
k 

+ J(iS~a, h2k) S4.S4b + /l:(S3., S4," h2k) (S3,S4b -- S3bS4.)] h2k 

°/lz = I/lz(h 2k+l) h2k + 1 

k 

l/lz = I/lz(SH h2k + 1) S l h2k+l 
k 

2/lz = I[flz(Si, h2k+I)si + pz(SL, h2k+l)(S~a + Sjb) + Ilz(S~a' h2k+l) X 
k 

X (S~a + S~b) + /l:(S3a, S4a, h2k+ I )(S3,S4a + S3bS4b)] h2k + I 

a The ° Jl.(1; terms are functions of the inversion coordinate It only. These terms shlluld not be con
fused with the permanent dipole moment I/~ in Eq. (I) which is zero in the reference configuration. 
The 11/(1; terms are linear functions of the small amplitude vibrational coordinates. The 2 I/~ terms 
are quadratic functions of the small amplitude vibrational coordinates. The starred terms give 
contributions to transition moments of combination bands which were not studied in the present 
work. The values of the corresponding coefficients were thus fixed to zero in our fittings. 

z 

. -y 

x 

Yl 

FIG. 1 

D.:finition of the molecule fixed Cartesian coordinate system and internal coordinates for the 
XY 3 quasi planar molecules 

----------
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RESULTS AND DISCUSSION 

In the investigation of the dipole moment function of ammonia and the oxonium 
ion we used configurations with energies* up to 8 000 cm -1 above equilibrium with 
respect to inversional displacements. The effect of S1 displacements on the p'z com
ponent was studied in the energy range up to 6000 cm -1. Vibrational displacements 
corresponding to degenerate vibrations in the energy range up to 4 000 cm -1 were 
taken into account in the investigation of both P,x and p'z components of the dipole 
moment. The dipole moments of the specified configurations were calculated at the 
HF-SCF level with 6-311G** basis setlS with slightly modified HOND05 program 
package16. 

The coefficients of the dipole moment expansion (Table I) were determined from 
the ab initio points on the dipole moment surface by using a standard least squares 
fitting procedure. The results are given in Table II. In the fittings of the p'z dipole 
moment component it was necessary to include the first four terms of °p,z (Table I). 
I n the calculations of inversion transition moments the higher order terms p,l It 7) are 
important as they contribute by as much as 10- 2 D (1 D = 3'33563.10- 30 C m) 
and represent a significant fraction of the transition moments for transitions from 
the ground state to higher inversionallevels 2V2 and 3v2 • Finally the first two terms 
of 1 p,= were included into our fittings giving the standard deviation of the order 
10- 3 D. 

Transition moments in the symmetric stretching vibrational mode have contribu
tions from both the 0 p'z and 1 p'z terms of the expansion. The magnitude of the con
tributions from the 0 p'z terms is comparable to those from the 1 p'z terms ( '" 10- 1 D) 
due a strong coupling of the nondegenerate vibrational modes. The contributions 
are, however, of opposite signs which results in transition moments of the order 
10- 2 D for the fundamental band. This makes the VI transition moment extremely 
sensitive to the description of mechanical coupling of the nondegenerate vibrations. 
This can be seen from predictions of transition moments from the p'z component of 
ammonia collected in Table III. Two sets of potential constants (see Table IV) were 
used for the calculation of the wavefunctions for the determination of transition 
moments. Each of these sets was determined from the analysis of vibrational-rota
tional energy levels17 and provides a similar reproduction of the data. They also 
give similar values for transition moments in the inversional mode. If, however, 
they are used to predict transition moments in the symmetric stretching mode, they 
give significantly different values for the VI fundamental and the VI + V2 combina
tion bands as well as for their dependence on isotopical substitution. Compared 
with experimental results, potential I gives a reasonable decrease of the VI transition 
moment caused by deuteration, but the VI + V2 transition moment is overestimated. 

* The wavenumber unit 1 cm -1 used in molecular spectroscopy also as a unit of energy 
corresponds to 1'196256 . 10 - 2 kJ mol- 1 . 
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Potential II, on the other hand, gives an incorrect dependence of the VI transiton 
moment on deuteration, but a more reasonable value for the VI + V2 transition 
moment. These discrepancies should be further investigated and may be helpful 
in the determination of better potential function parameters describing the inter
action of VI and V2 vibrations. 

We have also studied the role of those expansion terms of the flz component which 
are quadratic in the small amplitude vibrational coordinates. For ammonia, we were 
able to determine the flz(Si, h), flz(S~a, h), and flz(S~a, h) derivatives. Their inclusion 

TABLE IV 

Potential function parameters of ammonia and the oxonium ion used in calculations of transition 
moments 

NH/ 
Parameters (units) H3 0 + b 

I II 

frr (mdyn A-l)C 7·45173 7·40802 7·6964 
frr' (mdyn A -I) 0'045 0'07199 0'0 
faa (mdyn A) 0·40586 0·49648 0·47161 
faa' (mdyn A) -0'05673 -0'00149 0'0 
f ra (mdyn) 0·1543 0'17770 0'0 
f ra , (mdyn) 0'45626 0'51836 0'0823 
a 0'32067 -0'36134 0·46 
b -0'91201 -1,27130 0'0 
x -0'12875 -0'24976 0'374 

Y 0'09835 0'0 0'0 

Ym 0'74357 0·55023 0'0 
rp (A) 0·99187 1'01425 0'96090 
KI (mdyn A - I ) -0'52225 --0'52619 -0'3208 
K2 (mdyn A - 3) 2'11933 1'95806 2'329 
K3 (mdyn A - 5) -1'31946 -0'85197 -0,771 
K4 (mdyn A -7) l-69064 l-64483 0'0 
kl (mdyn A - 2) -- 1·26557 1-39466 -1,983 
q (mdyn A -4) 0'50995 -9,49802 -3,72 
k~ (mdyn A -6) -8,29491 0'0 0·0 
kj1 (mdyn A -3) -1'32878 -5,44821 0'0 
k1I (mdyn A - 5) 2·43163 9'08002 0'0 
kF (mdyn A - 3) -1'07447 -3'56797 0'0 
kF (mdyn A - 5) 1'01752 0'0 0·0 
kP (mdyn A -I) 1'58682 0·79369 0·0 
kP (mdyn A - 3) 0'10581 3'06432 0'0 
kj3 (mdyn A - 2) 3'70304 4'85161 0·0 

-~-- ~---~~--

a Ref.17; b ref. IS ; C 1 mdyn = IO- S N. 

Collection Czechoslovak Chern. Cornrnun. (Vol. 53) (1988) 
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lead to a significant improvement of the fittings (see Set C of Table II). We have 
found no significant difference between the NH3 and ND3 species for these deriva
tives. For the oxonium ion, on the contrary, the 2Jl.z terms could not be determined 
from fits of ab initio dipole moment points and were thus neglected in further cal
culations. 

In calculations of transition moments the 2Jl.z terms contibute (e_g_ to purely inver
sional transition moments) by the same order of magnitude as higher order terms 
of 0 Jl.:- Taking into account these 2 Jl.z terms also requires the inclusion of terms which 
arise from 0 Jl.z and 1 Jl.z and the nonlinear part of the transformation of the dipole 
moment function to HBJ coordinates_ Opposite signs of these contributions cause 
their mutual cancellation to 10- 3 D or less, which is insignificant from the point of 
view of purely inversional transition moments_ On the other hand, the 2Jl.z terms 
are important for the estimation of other transition moments, e_g_ the 2V4(A) transi
tion moment. Again there is a considerable difference between predictions using 
different sets of potential function constants_ Set II gives a realistic value 0-0023 D 
while calculations with Set I yield as much as 0-105 D_ This can be explained by the 

TABLE V 

Predictions of transition moments (in D) from the ab initio Ilz dipole moment component of 
the oxonium ion 

Vibrational 
states 

l'2 - vi 
0+ -0-
1+ -1-
2+ -2-
3+ -3-
4+ -4-
0+ -1-
0--1+ 
o+-r 
0- -2+ 
0+ -3-
0- -3+ 
1+ -2-
1- -2+ 
1+ -3-
1- -3+ 
2+ -3-
r-3+ 

1-6171(1-5423 
1-2637(1-1134 
1-4256(1-1946 
1-5613(1-3102 
1-6697(1-4006 
0-3247(0-3412 
0-8284(0-5530 
0-0118(0-0206 
0-1159(0-1113 

- 0-0029(- 0-0029 
- 0-0033(- 0-0005 

0-1203(0-1557 
1-3283(1-0864 

-0-0054(-0-0010 
0-0832(0-0971 
0-0649(0-0802 
1-4976(1-2557 

Vibrational 
states 

vi, v2 - VI' vi 
1,0+ -1,0-
0,0+ -1,0-
0,0- -1,0+ 
0,0+ -1,1-
0,0- -1,1 + 
0,1 + -1,0-
0,1- -1,0+ 
0,1 + -1,1-
0,1- -1,1 + 

Collection Czechoslovak Chem_ Commun_ (Vol_ 53) (1988) 

1-6099(1-5202 
0-1057(0-1036 
0-1057(0-1034 
0-0304(0-0298 
0-0603(0-0426 
0-0603(0-0405 
0-0301(0-0272 
0-0878(0-0754 
0-0877(0-0745 
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overestimation of the coupling of nondegenerate vibrtional modes in potential I 
and subsequent intensity borrowing from the Vi fundamental band. 

Predictions of transitions moments from the Jlz ab initio dipole. moment component 
were collected in Table III for ammonia and Table V for the oxonium ion. Our 
calculations of transition moments for ammonia are about 20% above the experi
mental values in case of the inversional mode. However, the ratio of purely inver
sional, fundamental, and higher overtone transition moments is described very well. 

TABLE VI 

Transition moments calculated from the scaled J1.z dipole moment component of ammonia 
(Potential II) and the oxonium ion 

Vibrational Scaled J1.z component Experiment Scaled J1.z component Ref.6 

states 
NH3 ND3 NH3 ref. H3 0 + D3 0 + 

H30 + 

l'Z- V2 
0+ -0- 1·4715 1·4770 1·4715 20 1'3770 1'3140 1·4384 
1 + -1- 1'2480 1'3356 1'2480 20 1'0751 0'9486 1'0965 
2+ -2- 0'9482 1'0662 1'02 21 1·2127 1·0178 1'2284 
3+ -3- 0'9848 0'9120 1· 3284 1·1163 1'3476 
4+ -4- 1'0466 0'9759 1·4208 1'1933 1-4361 
0+ -1- 0'2445 0'2122 0'236 22 0'2775 0·2907 0'3025 
0- -1 + 0'2543 0'2132 0'248 22 0'7029 0·4711 0'6728 
0+ -2- 0·0048 0'0038 0'0102 0'0176 0'0150 
0- -2+ 0'0241 0'0075 0'0226 23 0'0990 0'0948 0'1062 
0+ -3- -0'0043 -0'0033 0'0037 24 -0'0025 -0'0025 0'0028 
0- -3+ -0'0057 -0'0037 0·0060 24 -0'0027 -0'0004 0'0003 
1 + -2- 0'2955 0'3144 0·288 25 0·1032 0'1327 0'1127 
1- -2+ 0'5302 0'3543 1'1296 0'9256 1-1382 
1 + -3- 0'0013 0'0117 -0'0046 -0'0009 0'0023 
1- -3+ 0'0819 0'0612 0'0714 0·0828 0·0841 
2+-3- 0'1183 0'2481 0'0559 0'0683 0'0696 
2- -3+ 0'9057 0'6896 1'05 21 1'2740 1'0698 1'2916 

vl' L'2- vl' v2 
1,0+ -1,0- l' 5153 1'5008 1· 3519 1·2951 1'4943 
0,0+ -1,0- 0'0218 0'0270 0'031 19 0'0888 0'0883 0'0559 
0,0- -1,0+ 0'0218 0'0270 0'031 19 0·0882 0'0881 0'0597 
0,0+ -1,1- 0·0064 0'0087 0·0267 0'0254 0'0043 
0,0- -1,1 + 0'0063 0'0086 0'0521 0·0362 0·0160 
0,1+-1,0- 0'0096 0'0114 0'0498 0'0345 0·0376 
0,1--1,0+ 0'0099 0'0114 0'0240 0'0233 0·0247 
0,1 + -1, 1 - 0'0209 0·0300 0·0745 0·0642 0'0346 
0,1--1,1+ 0'0215 0·0301 0'0733 0'0635 0'0529 

Collection Czechoslovak Chern. Commun. (Vol. 53) (1988) 
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This can be seen even more clearly if we perform a scaling of our ab initio dipole 
moment function by fitting the leading term of °fLz to the first two experimental 
transition moments in Table VI. The remaining coefficients of the expansion were 
fixed in the ratio given by the ab initio dipole moment function (Set A). In this way 
we were able to obtain a very close agreement with the experimental data for all 

TABLE VII 

Expansion coefficients of the /Ix dipofe moment function of ammonia and the oxonium ion deter
mined from ab initio calculations. The value of rp is 0'9860 A for ammonia and 0'9571 A for the 
oxonium ion. Numbers in parentheses are standard deviations in units of the last digit 

Parameters (units) NH3 ND3 H3 0 + D30 + 

----- __ T __ ·_· ----------

Jlx(S 3.) (DA-l) 0'8317 (49) 0,8315(50) 3-6794 (20) 3-4535 (25) 
Jlx(S3., liZ) (D A -3) -5'994 (82) -5'520 (83) -4'301 (43) -3'778 (57) 
Jlx(SJ., 114) (0 A - 5) 6'85 (25) 6·43 (25) 2,79 (14) 2'55 (19) 

Jlx(S~a) (D A -z) -0'307 (30) -0'313 (30) 1'081 (12) 1·079 (15) 
Jlx(S~a' Izz) (D A -4) -1,18 (18) -1'32 (18) -0'94 (9) -1,15 (II) 

No. of ab initio points 36 36 36 36 
St. deviation (10- 2 D) 0'14 0'14 0'07 0'09 

Ilx(S4a) (D) 0'5337 (22) O· 5335 (22) 1'0507 (15) 0·9261 (15) 
/Ix(S4a' 112) (D A -z) 0'230 (39) 0·464 (39) 0'134 (41) 0'338 (39) 
Hx (S4a' 114) (D A -2) -1,93 (13) -2'16 (13) -3'01 (15) -2'90 (14) 

Jlx(Sl.) (D) 0'1451 (52) 0·1452 (52) 0'1957 (36) 0·1808 (35) 
Jlx(Sl., 112) (DA- Z) 0'608 (47) 0'644 (47) 0'764 (49) 0·737 (48) 

No. of ab initio points 36 36 36 36 
St. deviation (10- 2 D) 0'16 0·16 0·15 0·15 

_._------ . ------ ---- ---

TABLE VIrJ 

Equilibrium dipole moment derivatives /Ix(S3a). and /Ix(S4.). and transition moments of the 
v3 and v4 fundamental bands of ammonia calculated ab initio compared with experimental values 
-_.- - .. _-----------------------------

Transition moment, D 

VJ 

0·208 0·480 0'0127 
0·229 0'363 0'0130 
0·078 0'525 0·0103 
0·195 0'336 0'0112 

.. _------_.- ------~--

Collection Czechoslovak Chem. Cammun. (Vol. 53) (1988) 
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types of transition moments in the inversional mode. Scaling of the ILz dipole moment 
component of the oxonium ion by the factor 0·8250 determined for ammonia resulted 
in a good agreement with high quality ab initio predictions6 • The results of scaling 
of the IL z component are collected in Table VI. 

For the description of the flx dipole moment component we have used three terms 
of the 1/1x expansion and two terms of the 2 flx expansion in order to reproduce the 
ab initio data with a standard deviation about 10- 3 D. The resulting values of dipole 
moment expansion coefficients are summarized in Table VII. From this table it is 
evident that the fl .• dipole moment component is strongly influenced by the inver
sional motion. In particular, for the asymmetric stretching vibration the dipole 
moment is a rapidly varying function of the inversion coordinate h. It is important 
to respect this fact in calculations of transition moments. We do this by integrating 
the matrix elements of the flx component over the wide range of the inversion co
ordinate explored by the nonrigid invertor wavefunctions. In this way we calculate 
the V3 fundamental transition moment to be 0·0103 D, which is in excellent agree
ment with the experimental value of 0·0112 D (reUS). If we replace the dipole 
moment function by the constant flx(S3.)c (see Table VIII) and use the standard 
theory to evaluate the same transition moment we get a significantly lower value 
of 0·0048 D. This obviously shows that the nonrigid invertor approach is more ade
quate when dealing with rapidly varying functions of the large amplitude coordinate h. 

The nonrigid invertor model also allows the calculation of combination and hot 
band transition moments which arise from the combination of degenerate vibrations 
and invcrsion. Transition moments calculated from the flx co~ponent of both mole
cules are reported in Table IX. It be can seen that there is it significant effect of deu
teration on transition moments in both molecules and that infrared absorption III 

degenerate fundamental bands is generally stronger for the oxonium ion. 

As a conclusion we can summarize the most important findings. 

1) Although the SCF calculations with a modest set of basis functions over
estimate the molecular dipole moment and transition moments, they describe very 
welJ the anharmonic properties of the dipole moment functions of nonrigid molecules 
under investigation. The calculated transition moments can be brought into close 
agreement with experimental data by simple scaling of the dipole moment functions. 

2) The effect of the large amplitude molecular inversion on transition moments 
in the small amplitude vibrational modes is found to be significant. This means 
that the nonrigid invertor model should be used for calculations of these transition 
moments rather than the standard approach. 

The authors wish to thank Dr V. Spirko (The J. Heyrovsky Institute of Physical Chemistry and 
Electrochemistry, Czechoslovak Academy of Sciences, Prague) m:d Dr S. Ross (University of 
New Brunswick, Fredericton, Canada) for fruitful discussions and helpful comments on the manu
script. 
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